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Abstract 

Let G denote a closed, connected, self adjoint, noncompact subgroup of GL{n, R), and let dji 
and cIl denote respectively the right and left invariant Riemannian metrics defined by the canonical 
inner product on M{n, R) — TjGL{n, R). Let v be a nonzero vector of R" such that the orbit G(v) 
is unbounded in R". Then the function g djj{g, G„) is unbounded, where Gy = {g{v) = v}, 
and we obtain algebraically defined upper and lower bounds A+ (v) and A~ (v) for the asymptotic 
behavior of the function ^f^^lg^Q ) as dfj{g, Gy) oo. The upper bound A+(u) is at most 1. The 
orbit G(v) is closed in R" <t4> X^{w) is positive for some w e G(v). If Gy is compact, then g — > 
\du{g,I) — dL{g,I)\ is uniformly bounded in G, and the exponents A"'"('y) and A^(u) are sharp 
upper and lower asymptotic bounds for the functions '''^^J^g^j^^ and '^^^g*' as dR{g,I) oo or as 
d^lg, I) — > oo. However, we show by example that if Gy is noncompact, then there need not exist 
asymptotic upper and lower bounds for the function g''^ as dj^ {g, Gy) ^ oo. The results apply 
to representations of noncompact semisimple Lie groups G on finite dimensional real vector spaces. 



L Basic obiects and notation 

Self adjoint subgroups of (?L(k,R) 

Let A/(ri,R) denote the n x n real matrices, and let G'i(n,R) denote the group of invertible 
matrices in M{n, R). Let G denote a closed, connected subgroup of GL{n, R). The Lie algebra <3 
of G in M{n, R) is given hy & = {X e M{n, R) : exp{tX) e G for all t G R }, where exp : 
Af (n, R) GL{n, R) denotes the matrix exponential map. It is known that every closed subgroup 
of GL{n,M.) is a Lie group with the subspace topology. Let 0(n,R) = {g G GL{n,M.) : gg*^ — 
g*g = /}, where I is the identity matrix, and let so{n, R) = {X e M{n, R) : X* = -X}, the Lie 
algebra of 0(n,R). 

A subgroup G of GL{n, R) is said to be self adjoint if g* G G whenever g G G. . In this paper 
G will typically denote a connected, closed, self adjoint, noncompact subgroup of GL{n, R) unless 
stated otherwise. We define ii' = GnO(n,R). The corresponding Lie algebra is = ©nso(n,R). 
Let fp = {X G © : X* = X}. If G is self adjoint, then © = J? ® <p. 

Remark Let G be a connected, noncompact, semisimple Lie group, and let V be a finite dimen- 
sional real vector space. Let p : G ^ GL{V) be a G°° homomorphism. Then there exists an inner 
product (, ) on V such that p{G) is self adjoint on V relative to (, ). Hence the results of this paper 
can be applied to p{G). See (10.3) for details. 
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Left and right invariant Riemannian metrics 

Let (,) denote the canonical inner product on M(n,R) « TiGL{n,M.) given by {A,B) = 
trace AB*. For a closed, connected subgroup G of GL{n, M) the inner product (, ) defines an inner 
product on TjG and a right invariant Riemannian structure, also denoted (, ), on G. Let dn denote 
the corresponding right invariant Riemannian metric on G. Similarly, the canonical inner product (, ) 
on TjG defines a left invariant Riemannian metric dz, on G. We call da and dz, the canonical right 
and left invariant Riemannian metrics on G. 

Stabilizer subgroups and associated objects 

For each nonzero vector v of M" let Gy = {g € G : g{v) = v}, and let &y = {X & <5 : X{v) = 
0} denote the Lie algebra of Gy. Let ^ = so(n,M) n = {X e : X* = -X), and let 
^y = {Xj^ : X' = X}. Let =^(j? + = {C G © : (C, ??) = for all r/ € ^ + ©v}- 

Note that is orthogonal to and ^„ C since {Si, *P) = (cf. (4.2)). 

The growth exponents \~ {v) , A"^(t)) and minimal vector s 

For each X G *p, R" is an orthogonal direct sum of the eigenspaces of X. For a nonzero element v 
in M" and a nonzero element X of we define Ax [v) to be the largest eigenvalue A of X for which 
V has a nonzero component in V\ = {w € R" : X{w) = Xw}. 

For a nonzero vector v of M" we define 

X-{v) = inf {Xx{v) : X G ^ and |X| = 1} 

X+{v) = sup {Xx{v) :XG^y and |X| = 1} 

A vector v in R" is said to be minimal (for the action of G) if \g{v)\ > \v\ for all g G G. If v 
G R" is minimal, then (3^ = (B orthogonal direct sum (section 6). It is known (cf. Theorem 
4.4 of [RS]) that G(v) is closed in R" if v is minimal, and conversely, if G(v) is closed in R", then it 
is easy to show that G(v) contains a minimal vector w. 

Remark 

If X G then it follows from the definitions that X{v) = and Xx (v) = 0. By definition 
is orthogonal to Hence, in the definition of A~ (v), when we restrict consideration to unit vectors 
Xin^J y we allow the possibihty that A (v) > 0. If this happens then the orbit G(v) is closed in R" 
as we shall see in (10.2). 

2. The main result and its consequences 

Define IJm dR(g,G„)^oo (respectively lim dR(g,G.)^oc 3^^g^) ^ be the smallest 

(respectively largest) Umit of a sequence where {gk) is any sequence in G such that 

dR{gk,Gy) -)• 00. 

The main result of this paper is the following 

Theorem 2.1. Let G be a closed, connected, self adjoint, noncompact subgroup of GL{n,'M.). Let 
da denote the canonical right invariant Riemannian metric on G. Let v be a nonzero vector in R" 
such that the orbit G(v) is unbounded. Then 

1) The function g da^g, Gy) is unbounded on G. 

2) Ifv is minimal, then X~ {v) > 0. For arbitrary nonzero v we have —1 < X~{v) < A+(t;) < 1. 
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Remarks 

1) Let c be a positive constant such that dR{k, I) < c for all k e K, where I denotes the identity 
matrix. The triangle inequality implies that \dii{g, Gy) — dii{g, K ■ Gy \ < c for all g G G. Hence 
we could replace dR{g, Gy) by dR{g, K ■ Gyin the statement of the result above. This replacement 
is convenient for the proof of (2.1). In section 5 we show that if v is a nonzero minimal vector, then 
K ■ Gy\s the minimum set and also the set of critical points for the function i^^ : G — ^ M given by 
F.{g) = \9{v)\\ 

2) A sharper version of the inequaUty for A {v) in assertion 3) is obtained in (8.2), but the 
statement of that result involves a quantity that is more difficult to define and compute than A~ {v). 
It may be the case that the bounds {v) and A+ {v) are sharp in the main result, but we are only 
able to prove this in the case that Gv is compact. 

3) The set of vectors v in V for which dim Gy < dim Gy' for aU t;' e V is a nonempty G- 
invariant Zariski open subset O. The function A~ is lower semicontinuous on O (cf. (9.1)) and by 2) 
of (2.1) A^ is positive on the set of minimal vectors in V whose G-orbits in V are unbounded. By 
(7.3) A~ is K-invariant, but it is unclear if A~ is G-invariant. 

4) If J!Jt denotes the set of minimal vectors in M", then for a compact subset C of £!Jt fl O and v 
e C the functions g — > ^"^(g^G^) have a uniform lower bound. See (9.4) for a precise statement. 

Closed orbits 

5) If G(v) is closed in M" for some nonzero vector v, then G(v) contains a minimal vector w by 
(6.3) and \^{w) > by (7.6). Conversely, if A^(u>) > for some nonzero vector w, then G(w) is 
closed in M" by (2.2) and (2.5). Hence G has a nontrivial closed orbit in M" <^=^ A~ {w) > for some 
nonzero vector w of R". If G does not have a nontrivial closed orbit in R", then the zero vector Ues 
mG{v) for every v G M" by Lemma 3.3 of [RS]. 

6) Let O be the nonempty G-invariant Zariski open subset of M" that is defined above in 3). Under 
either of the following hypotheses there exists a nonempty G-invariant Zariski open subset U of K" 
such that U <z O and G(w) is closed in for every w G U. The second hypothesis appears in the 
statement of (2.3) below. 

a) A^ (w) > for some v G O. 

b) Gy is compact for some nonzero vector v G M". 

In case a) the orbit G(v) is closed in M" by (2.2) and (2.5), and it has maximal dimension among 
the G-orbits by the definition of O. The assertion of 6) in case a) is now well known in the complex 
case where G C GL (n, C) acts on C" . For a proof in the real case see, for example, Proposition 2. 1 
of [EJ]. The assertion of 6) in case b) is proved in Proposition 2.6 of [EJ]. 

The next result, which we prove in (6.4), proves the first statement of (2.1) and also shows that 
an orbit G(v) is bounded in R" -s^ G(v) is compact. 

Proposition 2.2. Let G denote a closed, connected, noncompact subgroup of GL{n,R), and let v 
be a nonzero vector o/R". Then the following are equivalent 

1) The orbit G(v) is bounded in R". 

2} The function g dR{g,Gy) is bounded on G. 

3) G = K -Gy 

4) X{v) = OforanyXe^. 

IfG has no nontrivial compact, connected, normal subgroups, then G fixes v if any of the conditions 
above hold. 

If Gy is compact, then we may sharpen (2.1) to obtain something valid for both dn and dL- 
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Corollary 2.3. Let G he a closed, connected, self adjoint, noncompact subgroup of GL{n, R). Let 
dn and g?l denote respectively the canonical right invariant and left invariant Riemannian metrics 
on G. Let I denote the identity matrix in GL{n, M). Let vbea nonzero vector such that the orbit G( v) 
is unbounded and Gy is compact. Then 

- /,-™ . , iog\g(v)\ _ 7- logVA-")} < jjz^ iog\g(v)\ _ 

A {V) — mn dR{g,I)^oo dR{g,I) — iiHL dL{g,I)^oo dL(g,I) ^ l-^^ dR{g,I)^<x, dnig,!) 
dL{g,I)^oo dL{g,I) ~ ^ ) 

Remarks 

1) The replacement of (i/?(,g, G^) by Gy) in the statement of (2.1) does not always hold if 
Gv is noncompact. See Appendix I for an example. Note that G acts on M" on the left, and this may 
be relevant to the asymmetry of dn and c^l in (2.1). 

2) Even in the case that Gv is compact the quantities in the main result involving dR{g, I) cannot 
be replaced conveniently by estimates involving \g\, where |Ap = trace AA* for A e M{n,R). 
This may reflect the fact that g ^ dnig,!) and g ^ Iff] are the distances between g and the identity 
in the typically nonabelian group {G,dji) and the abeUan group M(n, R) with the Euclidean dis- 
tance. See the end of section 5 for details. 



The main tools needed for the proof of the main result are the KP decomposition of G, (5.4), and 
the following generalization of it that is proved in (5.6). 

Lemma 2.4. Let G,v and dj^ be as in (2.1). For every g ^ G there exist elements k E K, h G Gy 
and X G such that g — k exp{X) h and \X\ = dii{g,K ■ Gy) = dn{exp{X), K ■ Gy) = 
dR{exp{X),Id). 

From (2.1) we obtain the foUowing consequence (cf. (10.2)). 

Proposition 2.5. Let G be a closed, self adjoint, noncompact subgroup of GL{n,'M.) with finitely 

many connected components, and let Gq denote the connected component that contains the identity. 
Let V be a nonzero vector o/M" such that the orbit G(v) is unbounded. Then the following assertions 
are equivalent. 

1) G(v) is closed in R". 

2) X~ (w) > for some w G Gof v), where X~ : M" R is defined by the connected group Gq. 

3) Go(v) is closed in R". 

4) G(v) contains an element w that is minimal with respect to both Go and G. 

Remarks 

1) If G(v) is bounded, then Go(v) is also bounded. By 3) of (2.2) Go{v) = K{v), where K = 
Go n 0(n, M). In particular every element of Gq{v) is minimal with respect to Gq. 

2) The equivalence of 1) and 4) in (2.5) is Theorem 4.4 of [RS]), but the proof here is different 
and more elementary. Although we are guided by the logical development of [RS], especially in 
section 6, the arguments used here are differential geometric in nature. In addition they require some 
knowledge of Lie groups but no knowledge of algebraic groups or algebraic geometry. 

Comparison between X~{v) and the Hilbert — Mumford function M{v) 
In [KN] G. Kempf and L. Ness introduced a Hilbert- Mumford function M : V C defined on 
the orbits of a reductive complex algebraic group G acting on a complex finite dimensional vector 
space V. Later, A. Marian extended some of this work to the real setting in [M]. This function was 
studied further in [EJ], where it was shown, for example, that M(v) < the orbit G(v) is closed 
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and G,, is compact. 

Let V be a nonzero element of M", and let X be a nonzero element of ^. We define {v) to be 
the smallest of the eigenvalues A of X such that v has a nonzero component in the eigenspace V\ 
corresponding to A. Define M(v) = sup{iJ,x{v) : X e^, \X\ = 1}. 

From the definitions we obtain inmiediately that Xx {v) = —H-x iv) for all nonzero X in *p and 
all nonzero v S M". 

In (7.9) we show 

Proposition 2.6. Let v be a nonzero vector of W"^ . Then A^(w) > —M{v). 

Remark The function M : V — >^ R is constant on G-orbits, but we are only able to prove in (7.3) 
that the function A~ : F — >^ M is constant on K-orbits. This is consistent with the fact that M(v) is 
defined by unit vectors in *p while A~ {v) is defined by unit vectors in There is no clear relation 
between and ^g(v) for g G G. 

However, the function A~ : F — >^ M is better at detecting closed orbits than M : V ^ M. By (2.5) 
an orbit G(v) is closed A~ [w) > for some w G G(v). In particular, by (7.6) A~ (u) > if G(v) 
is unbounded and v is minimal. By contrast there may be nonclosed orbits G(v) on which M(v) = 
and closed orbits G(v) on which M(v) = 0. 

3. Left and Right invariant geometry in Lie groups 

Later we will consider primarily the canonical right invariant geometry of a closed subgroup G 
of GL{n, R), but the results of this section are vahd for both left and right invariant Riemannian 
metrics on a connected Lie group G. We omit the proofs of these results, which are well known. Let 
e denote the identity of G. 

Let (5ij (respectively ) denote the real vector space of right invariant (respectively left invari- 
ant) vector fields on a connected Lie group G. The vector space &r (respectively ) is closed 
under the usual Lie bracket of vector fields on G. Note that dim (Sr = dim &l = dim T^G since 
the map X ^ X{e) is a linear isomorphism of (Sr ( respectively &l ) onto T^G. 

Properties of left and right invariant Riemannian metrics 

If (, ) is an inner product on TgG, then (, ) extends uniquely to an inner product (, )g on TgG for 
each g G G by defining {X{g),Y{g))g = {X{e),Y{e)) for all right invariant vector fields X,Y on 
G. This also defines an inner product (, ) on the vector space &Rof right invariant vector fields on 
G. Let dR denote the Riemannian metric on G determined by { (, )g : g e G}. The right translations 
Rg : h ^ kg are isometrics of (G, dR). Similarly, the left translations Lg : h ^ gh aie isometrics 
of (G,dL)forallgeG. 

Proposition 3.1. Let (, ) denote a left or right invariant Riemannian structure on a connected Lie 
group G, and let d denote the corresponding Riemannian metric. Then ( G,d) is complete as a metric 
space. 

The Levi — Civita connection on © r 

For a proof of the next result see for example Proposition 3.18 of [CE]. 

Proposition 3.2. Let (, ) denote a left or right invariant Riemannian structure on a connected Lie 
group G, and let {, ) also denote the corresponding inner product on <5r or (8l ■ Let V denote the 
Levi-Civita connection on TG determined by {,). Let X,Y & (Sr. Then 
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VxY = \{[X,Y] - {adXy{Y) - {ad Y)*{X)} 

Remarks 

1) (ad X)* and (ad Y)* denote the metric adjoints of the linear maps ad X, ad Y : (5r -> (5r that 
are determined by the iimer product (, ) on (S/j. Define the metric adjoint (ad X)* analogously in 

2) The assertion of the proposition also shows that WxY G (S/j (respectively &l) if X,Y e (Sr 
(respectively (Si). 

4. Left and right invariant geometry in GL{n, M) 

Letexp: M{n,R) ->■ GL(n,IR) be the matrix exponential map given by ea;p(X) = J2'^=o 
Let (, ) denote the canonical positive definite inner product on M (n, R) given by {A. B) = trace{AB*) 
= Yhj^i -^ij^ij ■ Note that M(n, M) is the Lie algebra of GL{n, M) with the bracket [ , ] given by 
[A, B] =AB- BA. 

Let G be a closed, connected self adjoint subgroup of GL{n,M.) and let di, and da denote the 
canonical left invariant and right invariant Riemannian metrics on G. 



Left and right invariant vector fields in GLln^W) 

Let I denote the identity in M(n, M). For A € M{n, R) let Aj e TiGL{n, R) denote the initial 
velocity of the curve a{t) = I + tA. We identify M(n, M) with TiGL{n, M) by means of the linear 
isomorphism A — > Aj, and we let (, ) also denote the canonical inner product on TjGL{n, R). 

For A e M(n, M) let Ar denote the right invariant vector field on GL{n, R) that satisfies the 
initial condition Aii{I) = Aj. Define the left invariant vector field A^ in similar fashion. 

Proposition 4.1. IfT: G^Gis the diffeomorphism given by T(g) = g*, then T : (G, dh) ^ (G, dn) 
is an isometry. 

Proof. Observe that if 777 e T/G, then T^{r]i) = {r]*)i, and it follows that \r]i\L = \T*i'ni)\R 
{trace rj ri^)^ . In general if C S TgG for some g S G, then C, = {Lg),,{rji) for a unique rji G T/G. 
Hence |C|l = = \T.{m)\R = \T*{0\r since T^C) = {T o Lg),{rji) = {Rgt o T)4jji) = 
{Rgt),{n{r]i)). □ 

The next result follows from routine computations, which we omit. 

Proposition 4.2. Let (, ) denote the positive definite inner product on M{n, R) defined above. Then 

1) {,) is invariant under Ad k for all k <E 0{n,R), where Ad k(X) = kXk~^ for X € M(n,M). 

2) {X, Y) = ifXY G M{n, R) are elements with X* = -X and F* = Y. 

3) Let (ad A)* denote the metric adjoint of ad A : M(n, R) M{n,R) relative to the inner 
product {,). Then (ad A)* = ad A^ for all A G M{n,R). 



Proposition 4.3. ForA,B e M (n, R) let [A, B] = AB ~ BA and let [Al, Bl] and [Ar, Br\ denote 
the usual Lie brackets of vector fields in GL{n, R). Then 

1) [A,B]r = -[Ar,Br]. 

2) [A,B]l = [Al,Bl]. 
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Proof. Let {xij 1 < i,j < n} denote the standard coordinate functions of M(n, R), restricted 
now to GL{n,M.). If A — (Aij) G M(n,K), then routine computations show that Aft{xij) = 
J2k=i ^ikXkj and A^ixij) = Y^^^i XikAkj. The statements 1) and 2) now follow immediately 
since both sides of the equality assertions have the same values on the coordinate functions {xij } □ 

The Lie algebra of G in M(n,M) 

Let 25 = {A G M(n, M) : ^/ G T/G}. One calls <5 the Lie algebra of G in M(n, M). 

Proposition 4.4. Let G be a closed, connected subgroup of GL{n, R), and let & denote the Lie 

algebra ofG in M{n, R). Let A,B G (5. Then 

1 ) The vector fields A/j and A^ are tangent to G at every point ofG. 

2) exp{tA) G Gfor alltGR and t — > exp{tA) is the integral curve starting at I for the vector 
fields A a and Al restricted to G. 

3) [A,B] = AB - BA€&. 

Proof. Assertions 1) and 2) follow from routine arguments that we omit. Assertion 3) follows from 
1) and (4.3). □ 

Corollary 4.5. Let G be a closed, connected, self adjoint, noncompact subgroup ofGL{n, M). Let 
& denote the Lie algebra ofG, and let da denote the canonical right invariant Riemannian metric 
on G. Then 

1) <8 = orthogonal direct sum, where ^= {X e& : X* = -X] and ^ — {X € & : 

X* = X} 

2) If A G 6, then {ad Ar)* = {ad A^). 

3) If A G 25, then j{t) = exp{tA) is a geodesic of{G, dn) <^ AA^ = A* A. 

4) IfK = G n 0{n, R), then the left translation Lfe is an isometry of {G, d^) for all kGK. 

Remark The statements corresponding to 2), 3) and 4) for the canonical left invariant Riemannian 
metric on G are also true, and the proofs are essentially the same. 

Proof 1) It follows from (4.4) that ©* = since G* = G. If X £ <S,then X = K + P G A®^, 
where K = ^{X - X*) and P = ^{X + X'). The subspaces .ft and «P are orthogonal by 2) of (4.2). 

2) This follows inunediately from 3) of (4.2), (4.3) and the fact that {Ar, Br) = {A, B) for all 
A,B G M(n,R). 

3) For A G (5 the curve ^{t) — exp{tA) is an integral curve of the vector field Ar on G 
by (4.4), and it follows that 7 is a geodesic of G VarAr^ = 0. It follows that VAr,,AR. ~ 
-{ad Ar)*{Ar) = -ad A*j^{Ar) = [A*, A] by (3.2), assertion 2) above and 1) of (4.3). Assertion 
3) now follows immediately. 

4) For k G K, A G M {n, R) and C G GL{n, R) it is easy to show that {Lk)*AR{C) = 
{kAk-^)R{kC). Hence fork G K, A,B G M{nM) and C G GL(n,R) we have 
{{Lk).AR{C),{Lk),BR{C)) = {{kAk-^)R{kC),{kBk-^)R{kC)) = {kAk-\kBk-^) = 

{A, B) = {Ar{C), Br{C)). We use 1) of (4.2) and the fact that {Ar, Br) = {A, B) on GL{n, R). 

□ 

5. Self adjoint subgroups of GL{n, R) and the KP decomposition 

In this section let G be a closed, connected subgroup of GL{n, R). The group G is a Lie group in 
the subspace topology of GL{n, R). 

Structure of self adjoint subalgebras of M(n,R) 
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A subalgebra of M (n, M) is self adjoint if X* G © whenever X <E &. If G is a closed, 
connected subgroup of GL{n,M.), then it follows from (4.4) that G is self adjoint (5 is self 
adjoint. A subalgebra © of M{n, R) is semisimple if the Killing form B : 6 x 6 — >■ R given by 
B(X,Y) = trace ad X o ad Y is nondegenerate. 

Proposition 5.1. Let & be a self adjoint Lie subalgebra of M(n,R). Let 3(©) denote the center 
of&, and let 6o denote the orthogonal complement o/3(25) in <5 relative to the canonical inner 
product {,). Then 
7j(5 = 3(®)©®o- 

2) 3(©) and ©o are self adjoint ideals of(S. 

3) &o is semisimple. 

See Appendix II for the proof. 

The case of an irreducible action 

Let G be a self adjoint subgroup of GL{n,M.) and let V be a G-invariant subspace of M". If 
= {w e R" : (v, w) = for all v e V}, then V-^ is invariant under G* = G. It follows that 
R" is an orthogonal direct sum of irreducible G invariant subspaces, and the restriction of G to each 
such subspace V is a self adjoint subgroup of GL(V) relative to the restriction of the canonical inner 
product (, ) to V. We investigate the structure of G and restricted to V sa R*^, keeping in mind the 
fact that some normal subgroup of G may be zero when restricted to V. Note that if G is connected, 
then G acts irreducibly on R" its Lie algebra (S acts irreducibly on R". 

Proposition 5.2. Let & he a self adjoint Lie subalgebra of M{n,M.) that acts irreducibly on R", 

and let 3(©) denote the center of (5. Then 

= (3(«) n ^)©(3(«) n j^) 

2) If3i<5) {0}, then 3(0) n <P = R Id 

3) Ifi{<&) n 7^ {0}, then 3(0) n J? = R J, where .P = - Id. 

Proof. Assertion 1) follows immediately from 2) of (5.1). To prove 2) and 3) we consider the 
cormected Lie subgroup G of GL{n, R) whose Lie algebra is 0. Suppose that 3(25) n ^ 7^ {0} 
and let X be a nonzero element of 3(0) H The connected group G is generated by exp(0) and 
hence G commutes with X. It follows that G leaves invariant every eigenspace of X, and we conclude 
that X = A / for some nonzero real number A since G acts irreducibly on R". This proves 2). 
We prove 3). Suppose that 3(®) {0} and let A be a nonzero element of 3(©) H K. Then 
is symmetric and negative semidefinite, and G commutes with since G commutes with A by 
the argument used in the proof of 2). This argument also shows that = X I for some nonzero 
real number A. To show that dim 3(®) H ^ = 1 it suffices to prove that if A"^ = for elements 
A,B of 3(0) n then either A = B or A = -B. If = A^ - B"^ = {A - B){A + B), then 
Q = {A- Bf{A + Bf = A1A2 /, where {A - Bf = MImA{A + Bf = A2 /. Hence either 
Ai = and A = B or A2 = and A = - B. 

If J is a nonzero element of 3(®) H ^ then by the discussion above we may assume that 
J"^ = — I, multiplying J by a suitable constant. This proves 3). □ 

Proposition 5.3. Let Gbea closed, connected, self adjoint, noncompact subgroup ofGL{n, R) that 
acts irreducibly on R". Let denote the Lie algebra of G, and suppose that is not semisimple. 
Then at least one of the following holds. 

1) OGG{v)forallvGW^. 

2) a) There exists J G so{n, R) such that = —I and 3(25) = R — span {J}. 
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b) G — Z ■ Go, where Go is a connected, normal, semisimple subgroup of G andZ k, is a 
compact, connected, central subgroup of G that lies in 0{n, M). 

Moreover, ifv is any vector in M", then G(v) is closed in M" Go(v) is closed in R". 

Remark 

If condition 2) holds, then n is even and M" has a complex structure given by (a + ib)v = 
av + i{Jv) . The group G becomes a group of complex Unear maps of M" since G commutes with J. 

Proof If & is not semisimple, then ^ 3(25) = {5(<S) n R)} {5(<S) n ^)} by (5.2). We show 
that 3(©) n <P 7^ {0} impHes 1) while 3(®) n ^3 = {0} implies 2). 

Suppose first that 3(<S) ^ ^ {0}, and let X e 3(©) n <p. By 2) of (5.2) X = A J for some 
nonzero real number A. If v is any vector in M", then exp{tX){v) = exp{tX)v ^ as t — > +oo or 
as t -oo. It follows that G G{v) for all v G K". 

Next suppose that 3(©) n ^ = {0}, which implies that 3(©) C C so{n, M). Assertion 2a) is 
assertion 3) of (5.2). 

Let Z = e.Tp(3(25)) and let Go be the connected Lie subgroup of GL{n,M.) with Lie algebra 
©0 in the notation of (5.1). Since = —I it follows that exp{tJ) = {cos t) I + {sin t) J for all 
t e M. Hence Z = exp{RJ) is a compact, connected l-dimensional subgroup of 0{n, K) by 2a). 
The group Go is a normal subgroup of G since 0o is an ideal of © by 2) of (5.1). The groups G and 
Z • Go are equal since both are connected subgroups of GL{n, M) with Lie algebra ©. This proves 
2b) and the remark that follows it. □ 

The KP decomposition 

We are now ready to prove the main result of this section, the KP decomposition of G. This result 
is well known in the context of algebraic groups, not necessarily connected, but the proof is different 
from that given here. See for example Lemma 1.7 of [B-HC]. Let P = exp{^) C G. 

Proposition 5.4. Let G be a connected, closed, self adjoint, noncompact subgroup of GL{n,M.), 
and let ® = SiG^i denote the Lie algebra ofG. Let K = G fl 0(n, R). Then for every g GG there 
exist unique elements k G K andX G *P such that g ~ kexp(X) and \X\ = dL{g, K). 

Proof We prove uniqueness first. Let g = kp, where k S K and p = exp{X) G P for some X G 
Then g^g = p*k*kp = p^. The elements of P are symmetric since the elements of ^ are symmetric, 
and they are positive definite since the eigenvalues of exp(X) are the exponentials of the eigenvalues 
of X for all X G ^. Hence p is the unique positive definite square root of g*g. The element k is also 
uniquely determined since k = gp~^. 

We prove the existence of the decomposition g = kp. Naively, we could try using the idea of the 
uniqueness proof and define p to be the positive definite square root of g*g and k to be gp~^. It is 
easy to check that k e 0(n, R), but it is not clear that p G G and k G G. We must proceed more 
indirectly. 

Let dL denote the canonical left invariant Riemannian metric on G. Let g G G be given. The 
subgroup K is a compact submanifold of G, and hence there exists a point k G K such that dL{g,k) < 
dL{g, k') for all k' G K. Since rf/, is left invariant it follows that dL{kr^g, I) < dL{kr^g. k') for 
all k' G K. Since (G,dL) is complete by (3.1) the theorem of Hopf-Rinow states that there exists a 
geodesic 7 : [0, 1] -> G such that 7(0) = 7, 7(1) = k~^g and dL{I, k~^g) is the length of 7. If X 
= 7'(0) G T/G ~ ©, then X is orthogonal to TjK « ^ since I is the point in K closest to k~'^g 
(cf. Proposition 1.5 of [CE]). Hence X G <P by 2) of (4.2) and 1) of (4.5). By 3) of (4.5) the curve 
a{s) = exp{sX) is also a geodesic of G since X* = X. Hence 7(3) = a{s) = exp{sX) for aU s 
since 7'(0) = cr'(O) = X. It follows that exp{X) = 7(1) = k~^g, or equivalently, g = kexp{X). 
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Finally, it was shown above that \X\ = length of 7 = dL(k ^g, K) — dL{g, K). □ 

Corollary 5.5. Let G be as in (5.4), and let dL denote the canonical left invariant Riemannian metric 
on G. Let X with \X\ = 1, and let -fx (s) = exp{sX) for s gR. Then 7^ (s) is a minimizing 
geodesic of (G, di) ; that is dL{'yx{s),'yx{t)) = I* ~ ^1, the length of 'fx on [s,t], for alls < ? e K. 

Remark The same result holds for (G, dji) since by (4.1)wehave dK(7x('S))7x(s')) = 
dLhx{sf,lx{s'Y) = dL{lx{s),lx{s')) = Is - s'l for all s < s' e R. 

Proof. We now prove (5.5). For a fixed real number s write ^x{s) = kexp{Y), where k = I 
and Y = sX. The uniqueness part of the KP decomposition and the proof of (5.4) show that 

|s| = |y| = dL{k~^^x{s), I) = dL{exp{sX), I). The curve 7x(s) is a geodesic of G by 3) 
of (4.5), and the left invariance of dz, shows that dL{jx{s),^x{t)) = dL{exp{sX),exp{tX)) = 

dLiLexpiit- s)X)) = \s-t\. □ 

The next result is an extension of the KP decomposition that is used in the proof of the main 
result, (8.1). It also has some interest in its own right. It is unclear if the elements k, X and h that 
appear in the statement of this result are unique. 

For the next result we define = + ©„)-'- = {( e & : {Cv) = 0} for every ij € Si+&v. 
Note that ^ C qj since <P) = by (4.2). 

Proposition 5.6. Let G be as in (5.4), and letv £M.",v ^ 0. For every g GG there exist elements k 

^ K, h G G-t, and X e '^y such that g = k exp{X) h and \X\ = di{{g, K ■ Gy) = 

dR{exp{X),K-Gy) = dR(exp(X),I) 

Proof. The set K ■ Gy is closed in G, and hence by the completeness of da there exist elements k G 
K and h e G„ such that dR(g, kh) = dnig, K ■ G„). If g' = k~^gh~^, then by 4) of (4.5) we have 
dnig', I) = dnig, kh) = dR{g, K ■ Gy) = dii(g' , K ■ Gy). Let 7 : [0, 1] ^ G be a geodesic from 
/ = 7(0) to g' = 7(1) whose length is dj^(g' , /). 

LetX = 7'(0) e T/G w ©. We show first that X e If k e K c K-Gy, then by the previous 
paragraph dR{g' , I) < dR(g', k). Hence X is orthogonal to TjK since K is a closed submanifold 
of G. Identifying T/G with = j? ® «p and TjK with Si it follows from 2) of (4.2) that X G <p. 
Similarly, Gy is a closed submanifold of G, and the argument above shows that X is orthogonal to 
TiGy. Identifying T/G„ with &y we conclude that Xg%j = (R+ 25^)-^. 

Now let (t(s) = exp(sX), where X is as above. The curve (t(s) is a geodesic of G by 3) of (4.5) 
since X* = X. Hence 7(.s) = (t(s) for all s G R since both geodesies have the same initial velocity 
X. It follows that g' = (t{1) = exp(X) and hence g = kg'h = k exp{X) h, where X G^iy,k G K 
and h G Gy. From the work above and (5.5) we obtain \X\ = dii(exp(X), Id) = d^ig',!) = 
dii{g' , K ■ Gy) = d]i{g, K ■ Gy) = dii{exp(X), K ■ Gy). In the final two equahties we also use 4) 
of (4.5). 

□ 

Comparison of dR(g,I) and \g\ 

Proposition 5.7. Let G be a connected, closed, self adjoint, noncompact subgroup of GL(n,M.). Let 
dji denote the canonical right invariant Riemannian metric on G. Let c be a positive constant such 
that dii(k, I) < c for all k ^ K. Let g ^ G and write g — k exp{X), where k G K and X G *p. Let 
Xmax denote the largest eigenvalue ofX. Then 

n-iexp{-c) exp{\X\ - X^a.) < sM^^^iM < exp(c) exp{\X\ - X^a.) 
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Remark The quantity \X\ — Xmax is always nonnegative and examples show that it may be 
unbounded as |X| — >■ oo, even if Xmax > 0. Hence the inequahties above, although close to 
optimal, don't give a satisfactory relationship between d(g,I) and \g\ for g € G. 

Proof. The assertion is an immediate consequence of the following statements : 

(1) \X\-c<dR{gJ)<\X\+c 

(2) exp{Xmax) < Igl < n2 exp{Xmax) 

Note that dn^g, I) < dR{k exp{X),k) + dR{k, I) < dR{exp{X), I) + c = |X| + c by 4) of 
(4.5) and (5.5). This proves the second inequality of (1), and the first inequahty of (1) has a similar 
proof. Let Ai, ... , A„ be the eigenvalues of X. Since g = k exp{X) we have \g\^ = trace g*g = 
trace exp{2X) = exp{2Xi). Assertion (2) now follows immediately. □ 

6. Minimal vectors 

For a more complete discussion of the material in this section, see section 4 of [RS]. 

A vector v e M" is minimal for the G action if \g{v)\ > \v\ for all g e G. Let 9Jt denote the 
set of vectors in M" that are minimal for G. Note that is always minimal and 9Jt is invariant under 
K = G n 0{n, M) since \v\ = \k{v)\ for all v e K" and all k e K. 

Lemma 6.1. Let G be a connected, closed, self adjoint, noncompact subgroup ofGL(n, M). Let v 
be a nonzero minimal vector. Let Gy = {g G G : g{v) = v}, and let (S„ denote the Lie algebra of 

Gy. Then 

1) Gy = Gy. 

2) ^y=^® ^y, where f) (5yand^y = ^ f) (5y. 

Proof. 1) Let g G be given, and write g = kexp{X), where k G K and X e Cp. If fx{t) = 
\exp{tX)iv)\\ then fxiO) = \v\^ = \giv)\'' = \exp{X)iv)\^ = fx{l). Now /j,(0) = since v is 
minimal, and /^(t) = A\Xexp{tX){v)\'^ > Oforallte M. Since = /jf (0) it follows that = 
/^(O) = 4|X(w)p. Thisprovesthatexp(X)(v) = v, and it follows that A: (w) = g exp{X)-^{v) = v. 
Hence = exp{XYk* = exp{X)k~'^ e Gy. 

2) Note that 6* = &y by 1). The assertion now follows as in the proof of 1) of (4.5). □ 

Moment m,a,p 

For a fixed nonzero vector v of M" the map X {^{v), v) is a linear functional on 65, and 
hence there exists a unique vector m(v) e 25 such that (m(u), X) = {X{v),v) for all X e (S. Here 
{m{v), X) = trace m,{v)X* as usual. The map m : V — ^ © is called the moment map determined 
by G. Note that m takes its values in ^ by 1) of (4.5) ; {m{v),X) = {X{v), v) = if X G since 
X is skew symmetric. 

The next result follows immediately from (4.3) iii) of [RS]. 

Proposition 6.2. Let G be a connected, closed, self adjoint, noncompact subgroup of GL{n,'M.). 
Then 

1) A nonzero vector v o/M" is minimal <s=> m(u) = 0. 

2) If a nonzero vector v ofW^ is minimal, then G{v) fl 9Jt = K{v). 

We now relate minimal vectors to closed orbits of G in the next result and its converse in (10.2). 

Proposition 6.3. Let G denote a closed, noncompact subgroup ofGL{n, M.), and let v G K". If the 
orbit G(v) is closed in M", then G(v) contains a minimal vector. 
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Proof. Let c = inf{\g{v)\ : g G G}, and let {gk} be a sequence in G such that |5fc(f)| — > c as 
fc — > 00. Since the sequence {gk{v)} is bounded there exists a vector w G R" such that gk{v) w, 
passing to a subsequence if necessary. By continuity |«;| = c, and w e G{v) since G(v) is closed. 
Hence w is a minimal vector in G(v). □ 

Remark In the proof of the main result (8.1) the function g ^ dji{g,K ■ G„) plays a major role. 
The next result shows the geometric significance of the set K ■ Gy. 

Proposition 6.4. Let v be a nonzero minimal vector, and let Fy : G — >■ M be the function given by 
Fv (g) = \9{v)\'^. The minimum locus for Fy is the set K ■ Gy, which is also the set of critical points 

forFy. 

Proof. Equip G with the canonical right invariant Riemannian structure (, ). A routine computation 
shows that grad Fy{g) = 2 {Rg)* m{g{v)), where m : R" ^ (S w TjG is the moment map. By 1) 
of (6.2) g is a critical point of Fy <^ g(v) is a minimal vector By 2) of (6.2) g(v) is a minimal vector 
g £ K ■ Gy, which by inspection is contained in the minimum locus of F„. □ 

The next result is a useful companion to the main result, (8.1). 

Proposition 6.5. Let G denote a closed, connected, noncompact subgroup ofGL{n, M), and let v 
be a nonzero vector o/M". Then the following are equivalent 

1 ) The orbit G( v) is bounded in M". 

2) The function g dii{g, K ■ Gy) is bounded on G. 

3) G = K-Gy 

4) X{v) = OforanyXG^. 

5) e = ji+<8y. 

If G has no nontrivial compact, connected, normal subgroups, then G fixes v if any one of the 
conditions above holds. 

See Appendix II for the proof of (6.5). 

Next we investigate the growth functions A~ {v) and A+ {v) that appear in the statement of the 
main result, (8.1). 

7. The growth exponents X~{v) and A+(t;) 

In this section let G be a closed, connected, self adjoint, noncompact subgroup of GL{n, M) 

For each X s *p, M" is an orthogonal direct sum of the eigenspaces of X. For a nonzero element v 
of M" and a nonzero element X of we define Ax (v) to be the largest eigenvalue A of X for which 
V has a nonzero component in V\ = {w G M."^ : X{w) = Xw}. 

For a nonzero element v of M'^^e define 

X-{v) = inf {Xx{v) : X G ^ and |X| = 1} 

X+{v) =^sup {Xx{v) -.X&^y and |X| = 1} 

where = (.^+25^)-^ c qj. 

Remark 

If G(v) is unbounded, then '^y 7^ by 5) of (6.5). It follows by continuity that 7^ for all w 

in some neighborhood O of v in M", and hence G(w) is unbounded for all w G O by (6.5). 

The next result gives a dynamical definition of Xx {v), and it suggests why the main result could 

be true. 
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Proposition 7.1. Let X and v be nonzero elements of ^ and M" respectively. Then \x{v) = 

lArn iog \exp(tX)(v)\ 
lllll t-foo 1 ■ 

Proof. Write v = J^iLi'^i' where X(vi) = XiVi for some real numbers {Ai, Ajv}. Choose 
i so that Vi ^ and = Xx{v). Then exp{tX){v) = J2k=i^-''P(^^k){vk), and it follows 

that ^ J2k=i(^xp{2t\k)\vk\^. Hence exp{2tXx{v))\vi\'^ < \exp{tX){v)\^ < 

exp{2tXx (w) and the assertion now follows immediately. □ 

Proposition 7.2. Let X and v be nonzero elements of^ and M" respectively, and let g G GL{n, M) 
be an element such that gX = Xg. Then Xx{v) = Xx{g{v)). 

Proof. Write v = J2i^=i'^i' where X{vi) = XiVi for some real numbers {Ai, A;v}- If g G 
GL{n, R) is an element such that gX = Xg, then X{g{vi)) = g{X{vi)) = Xig{vi) fori <i < N. 
The assertion of the lemma now follows since g{v) = J2iLi 9{'*^i)- '-' 

Proposition 7.3. Let v be a nonzero vector o/R". Then X~{v) = X~{k{v)) for every k € K = 
GnO(n,K). 

For k G K the map X — > kXk~^ is a Unear isometry of <& by 1) of (4.2). Moreover, ^+ <5k(v) = 

+ <5i,)k~^, and this implies that ^k(v) = k{^y)k~^. The assertion now follows immediately 
from the next result 

Lemma 7.4. Ax (f ) = Xf.xk-^ {k(v))for all k € K, all nonzero A" G and all nonzero v G M". 

Proof. Given X G *p, v G K" and k G K we write v = '^i' where X{vi) = XiVi for some real 

numbers {Ai, Aat}. Then k{v) = Yl!i=i ^{"^i) ^i^d {kXk~^){k{vi)) = Xik{vi) for 1 < i < N. 
The assertion of the lemma now follows from the definitions of Xx (v) and Xkxk-^ (^(^))- ^ 

Corollary 7.5. Let v be a nonzero element o/M" such that G(v) is unbounded. Then X~{g{v)) < 
X+{v)forallgeG. 

Proof. Let g G G be given. By (5.6) we may write g = kexp{X)h, where k G K, h G Gy and X 
G Theng{v) = kexp{X){v), andhy (7.3) X' {g{v)) = X' {exp{X){v)). From (7.2) it follows 
that A-(ea;39(X)(t;)) < Xx{exp{X){v)) = Xxiv) < X+{v). □ 

Proposition 7.6. Let G be a closed, connected, self adjoint, noncompact subgroup of GL{n,M.), 
and let v G K" be a nonzero minimal vector such that G(v) is unbounded. Then 
< Xx{v) < IforallX e%, with \X\ = 1. 

Proof. Let X G *P„ with \X\ = 1 be given. Since v is minimal we have = X{\v\'^) = 2{X{v), v). 
Let Ai, Xn be the distinct eigenvalues of X and write v = X^^^ Vi, where X{vi) — XiVi for 
l<i<N. Then = {X{v), v) = YZ^i Xi\vi\^. Observe that X{v) ^ since X G ^ C qj^j-. It 
follows that Ai > for some i with Vi ^ 0, and hence Xx{v) > A^ > 0. 

Let X G ^ with |X| = 1, and let {Ai, A„} be the eigenvalues of X. It follows that Af < 
ELi ^fe = 1^1^ = 1 for ™y i with 1 < i < n. In particular Xx{v) < 1. □ 

Proposition 7.7. Let G be a closed, connected, self adjoint, noncompact subgroup of GL{n,M.), 
and let v G be a nonzero vector with G(v) unbounded. 

1 ) Let Xbe a nonzero element of^. Then for every e > there exist neighborhoods U C M" ofv 
and O C *P of X such that if{X', v') G O x U, then Xx'{v') > Xx{v) - e. 

2) There exists X G ^„ with \X\ = 1 such that X~{v) = Xx{v). 
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Proof. We prove 1). Let a nonzero element X of *P be given. We suppose that the assertion fails for 
some e > 0. Then there exist sequences {Xk} C and {vk} C M" such that Vk ^ v,Xk ^ X 
and {vk) < Xx{v) — e for aU k. Passing to a subsequence we obtain the following properties 
simultaneously : 

(k) (k) 1 

a) There exists a positive integer N such that each Xk has N distinct eigenvalues {A-^ X)^ }■ 

b) There exist real numbers {Ai, Ajv} such that A^'^'' ^ A^ as k ^> cxd for 1 < i < 

c) There exist positive integers {mi, mAr} and subspaces {v/''\ vj^^} of M" such that 

(k) 

i) dim y> ' = rrii for all k and for 1 < i < iV. 

ii) Xk = Af ^ Id on y^ for all k and for 1 < i < TV. 

iii) K" = y/*'^ e ... e V^*'^ orthogonal direct sum, for all k. 

The existence of {Ai, Ajv} in b) follows from the fact that for 1 < i < A/' we have {X^''^ \ < 
\Xk\ \X\ ask oo. 

Passing to a further subsequence there exist subspaces {Vi} G G{mi,n), the (compact) Grass- 
mannian of nii dimensional subspaces of K", such that 

d) y/''' -i> as k ^- 00 for 1 < i < A". 
From c) and d) we obtain 

e) R" = © ... © Vw, orthogonal direct sum, and X = X^ld on Vi for 1 < i < N. 
Note that the eigenvalues {Ai, Aat} for X may not all be distinct. 

By e) we may write v = J2iLi where Vi € Vi for 1 < i < N. Choose (3,1 < P < N such that 
A^ = Xx{v)- The choice of ,5 € {1, N} may not be unique, but we show next that /3 may be 
chosen so that v has a nonzero component in V^. Define = {a : 1 < a < N and Aq, = A/3}. 
Then — ©aes^VA^ is the A^ - eigenspace for X. By the definition of Xp = Xxiv) the vector 
V has a nonzero component in V^, and hence v has a nonzero component in V\^^ for some q G 5*^. 
Replacing the original (3 by this a we may now assume that (3 has been chosen so that v has a 
nonzero component in Vg . 

Since Vk — > t; as k — > 00 it follows from d) that there exists a positive integer Kq such that Vk has 
a nonzero component in V^'^^ for all k > Kq- By c), ii) we know that Xk = A^'^^ Id on V^'^'^, and 
hence Xx^ (vk) > xf^ for all k > Kq. It follows that A^''^ < Xxk{vk) < Xxiv) - e for all k > Kq. 
From b) we obtain A/3 < Xx{v) — e, but this contradicts the fact that A^ = Xx{v). This completes 
theproofof l)of (7.7). _ 

We prove 2) of (7.7). Let {Xk} be a sequence in Cp^, such that \Xk \ = 1 for all k, and Xx^ (v) — >■ 
X~{v) as k ^ 00. Passing to a subsequence if necessary, there exists X G with |X| = 1 such 
that Xfc — )• X as k — )• 00. Let e > be given. By 1) of (7.7) there exists a positive integer Kq such 
that Ajsfj. (f ) > Xx (v) — e for all k > Kq. It follows that A~ (v) > Xx{v) since e > was arbitrary. 
On the other hand Ax (v) > X^ (v) by the definition of A^ (v). □ 

Corollary 7.8. Let G be a closed, connected, self adjoint, noncompact subgroup ofGL(n, R), and 
let V be a nonzero vector with G(v) unbounded. If X~{v) < 0, then G{v) contains the zero 
vector 

Proof By 2) of (7.7) there exists X e such that \X\ = 1 and Xx{v) = X-{v) < 0. Then 
exp(tX)(v) ^ by (7. 1) or the proof of (7.1). □ 

Comparison between X~ {v) and the Hilbert — Mumford function M{v) 
We prove (2.6). Recall that from the definitions in section 2 that we have Xx {v) = —fi-x {v) for 
all nonzero X in *p and all nonzero v e K". 
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Proposition 7.9. Let v be a nonzero vector o/M". Then A (w) > ~M ( (;). 

Proof. By 2) of (7.7) we may choose X G *p„ such that |X| = 1 and X~{v) = Xx{v)- Then 
-X-{v) = -Xx{v) = ii-x{v) < M{v). □ 

8. Proof of the main result 

We now reach the main result, whose proof will be completed after the proof of (8.6). 

Theorem 8.1. Let G be a closed, connected, self adjoint, noncompact subgroup ofGL{n, M). Let 
da denote the canonical right invariant Riemannian metric on G. Let v be a nonzero vector such 
that the orbit G(v) is unbounded. Then 

1) The function g — >■ dR{g, Gy) is unboundedon G. 

2) If V is minimal, then X~{v) > 0. For arbitrary nonzero v we have — 1 < X^{v) < A+ (w) < 1. 

3) X-{v)<lirn,,^„a.)^^ <m ,,^„g.^^^ Sfe^ ^ ^+(^) 

The first assertion follows from (6.4) while the second assertion follows from (7.6) and the defi- 
nitions of X~{v) and X'^{v). Assertion 3) will follow from (8.3) and (8.6). 

We begin the proof of 3). We recall from the first remark after the statement of (2.1) that we can 
replace dji{g, Gy) by dji{g, K ■ Gy) in the statement of (8.1). For the remainder of the proof of 3) 
we make this replacement. 

The subset Qv in 

For a nonzero element v of M" let = {X e *p„ : |X| = 1 and dR(exp(sX), Id) = 
dR(cxp(sX), K • Gv) for all s > 0}. In words, a unit vector X in Ues in the identity 

is the point on K ■ Gy closest to exp(X)(s) for all s > 0. 

Proposition 8.2. Let Gbe a closed, connected, self adjoint, noncompact subgroup ofGL(n, M). Let 
vbea nonzero vector such that G(v) is unbounded. Then 

1) Qy is nonempty. 

2) lvm(i^(^g^K-G^)^oo dR{gK^G ) — Xx{v) for all X £ Qy, with equality for some X £ Qy. 

As an immediate consequence we obtain 

Corollary 8.3. Let G be a closed, connected, self adjoint, noncompact subgroup of GL(n,M.). Let 
v be a nonzero vector such that G(v) is unbounded. Then X~ (u) < lim dn(g-K-G^)^oo ^^"g^"^ y 

We now begin the proof of (8.2). Assertion 1) will follow from the next result. 
Lemma 8.4. Ijm a,Xg,K.G^)^oo iSMt) ^ '^fi^^iv) : X € Qy} 

Proof. Let {gr} be any sequence in G such that dn{gr, • Gt,) — >■ oo as r — 5- oo. It suffices to prove 
that A = lim r^oo dnig^K^G ) — i''T'f{^x{v) '■ X e Qv}- If A = oo there is nothing to prove, 

so we assume that A is finite. Passing to a subsequence we may assume that ^ — ?• ^ as r 

— >■ oo. 

By (5.6) we may write gr = krexp{Xr)hr for each r, where kr G K,hr G Gy and Xr € ^y 
with \Xr\ = dR{gr,K ■ Gy) = dR{exp{X), K ■ Gy) — dR{exp{X), I). Write Xr = UYr, where 
Yr = and tr = \Xr\ — >^ 00 as r — >^ 00. Passing to a further subsequence there exists Y G ^y 
with |y I = 1 such that 1^ — )• F as r — >■ oo. 
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Let N, {A^''\ X'-^^}, {Ai, Xn}, {v}''\..., V^^T^} and {Vi, Vn} have the same definition 
and properties of a), b), c) d) and e) of the proof of 1) of (7.7), with Yr replacing Xj, and = v 
for all r. Write v = YliLi ^i' where Y{vi) = XiVi for 1 < i < iV. Choose i such that Vi ^ 
and Xi = Xy{v). Then by d) there exists a positive integer Rq such that v has a nonzero com- 
ponent t;- ' in ' for all r > Rq. By c) we have for each r the expression v = z2j=i ^} > 
where Yr{v^''^) = x'fK'f^ ioi 1 < j < N and all r. Hence \gr)v)\'^ = \exp{Xr){v)\'^ = 
\exp{UYr){v)\' = e:rp(2i.Af |2 > expi2trX^^)\v^'-^\\ It follows that = 
iog\^ > ^(r) ^ iog^n _ g.^^^ ^(r) ^ ^, . Q and A^ ^ ^ Xi = Xy{v) as r ^ 00 we obtain 

A = Urn r^^jl^f^^^ > Xriv). 

To complete the proof of (8.4) it remains only to prove that F e Qy.By construction |y| = 1. It 
will be useful to note the following consequence of the triangle inequality : Let 7(f) be a unit speed 

geodesic of (G, da) such that 7(0) = Id and dn{j{to),Id) = ^^(7(^0)5 K ■ Gy) for some to > 0. 
Then dfl(7(s), Id) = dR{'y{s), K ■G^)forO<s< to. 

From the discussion above we recall that Xr = trYr, where tr = \Xr\. By the remark follow- 
ing (5.5) and the definition of Xr we know that tr — dji{exp{trYr) , Id) — dii{exp{Xr), Id) = 
dR{exp{Xr), K ■ Gy) = dji{exp{trYr) , K ■ Gy). Applying the observation of the previous para- 
graph to the unit speed geodesies 7r(s) = exp{sYr) we find that dft.{exp{sYr), Id) = 
dii{exp{sYr), K ■ Gy) for all r and < s < t^- Now Yr ^ Y and f,. — > 00 as r — )■ 00, and we 
conclude that dR(exp(sY), Id) ~ dj^(exp{sY), K ■ Gy) for all s > 0. Hence Y S Qy. □ 

For the proof of (8.2) it remains to prove assertion 2). 

Lemma 8.5. For every Xe Qy , Xx{v) > lim dR{g,K -0^)^00 d^tol/^^G^) - 

Proof. Let X € Qyhe arbitrary. Since \X\ = 1 it follows from the remark following (5.5) and the 
definition of Qy that dii{exp{tX),K ■ Gy) = dniexpitX), Id) = t for all t > 0. By (7.1) it follows 

that lim , , ^ . '°3lg(^') < Z,-™ ^ ;og|e:rp(tJC)(ti) _ , . log\exp{tX){v)\ _ 

Xx{v). □ 
We complete the proof of assertion 2) of (8.2). From (8.4) and (8.5) it follows that 

liin dR(g,K-G^)^oo dR(g!'K G^) = inf{Xxiv) : X e Qy}. Let {Xr} be a sequence in Qy such 
that Xx^ (v) — > lim dR{g,K-G^)^oc di°g k^g ) as r 00. Passing to a further subsequence we may 
assume that X as r 00. Note that |X| = 1 and X £ Qy since Qy is closed in By 1) of 

(7.7) it follows that lim dB(!?,if-G„)^oo ) = lim r^oo Ax^(w) > Xx{v). EquaUty follows 

by (8.5). 

Proposition 8.6. Let G be a closed, connected, self adjoint, noncompact subgroup ofGL{n, R). Let 
V be a nonzero vector such that G(v) is unbounded. Then lim dR{g,K.G^)^oo dRig^ifc ) — '^~''('^)- 

Proof. Let {51^} be a sequence in G such that dji(gr, K ■ Gy) — > 00 as r — )■ 00. It suffices to prove 
that lim r^oo d'^ig^^if-G ) — ^^(''^)- proof of (8.4) we may write = krexp{trYr)hr, 

where kr & K,hr ^ Gy,Yr & with |Yi.| = 1 and tr = dii{gr, K ■ Gy) — )■ 00 as r — > 00. For 
each r we write v = X^^i vl^\ where Yr{vl^^) = xf'^vl^^ for some real numbers {Xi^\ A^^}. 
Then|5r(w)|2 = \exp{trYr){v)\'^ = E^'i exp(2t^A|''^)|t;f < exp{2trX+{v))\v\'^. It follows 
that m r^oo dSr^h = ^ -^00 '-^^^^ < X+{v). □ 
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As we observed earlier, the proof of 3) of (8.1) now follows from (8.3) and (8.6). The proof of 
(8.1) ia complete. 

The case that Gy is compact 

Corollary 8.7. Let G be a closed, connected, self adjoint, noncompact subgroup ofGL{n,'M.). Let 
da and dL denote respectively the canonical right invariant and left invariant Riemannian metrics 
on G. Let v be a nonzero vector such that the orbit G(v) is unbounded and G„ is compact. Let I 
denote the identity matrix in GL{n, M). Then 

\- (lA = lim J , lo9\9(v)\ = /,-™ lo9\g{v)\ < JJZ^ lo9\9{v)\ 

" \'^) — !ddR dR{g,I)^<x, dR{g,I) dL{g,l)^oo dL{g,l) - dL{g,l)^oo dL{g,l) 

jj— log\g{v)\ _ ^ + ( A 

iim c(b(s,/)-)-oo dR{g,i) ~ ^ 

Proof. We first prove the following weak inequalities for A~ (v) and A+ (v). 

{V) ^ Um dR(g,I)^oc dR,(g,I) !ddlk dL{g,I)^oo dL(g,I) - ""^ di.(s,/)^-cx> di,(g,/) 

jT— log\g(v)\ < x+(y\ 

dR(g,/)-)-oo dR(g,I) — ^ 

Observe that ii' • G„ is compact, and hence there exists a positive constant c such that (/, ^) < c 
and (ii (/, ^) < c for all ^ e K ■ Gv. A routine argument with the triangle inequality yields 

a) \dR{g, K-G^)- dnig, I)\ < c for all g e G. 

Let g G G be given. By the KP decomposition of G there exist unique elements k S K and p 
£ P = exp{^) such that g = kp. We assert 

h) \dR{g, I) -dR{p,I)\<c and \dLig, I) -dL{p,I)\<c 
It will then follow immediately that 

c)\dR{gJ)-dL{g,I)\ < \dR{gJ)-dR{p,I)\+\dR{p,I)-dL{p,I)\+\dL{p,I)-dL{g,I)\<2c 
since dR^p, I) = ^^(p*, /*) — d^i^p, I) by (4.1). From a), c) and (8.1) the assertion (*) will follow 
immediately. 

To complete the proof of (*) it remains only to prove b). Note that dR{p,I) < dR{p,kp) + 
dR{g, I) = dR{I, k) + dR{g, I) <c + dR{g, I). Similarly, dR{p, I) > -dR{p, kp) + dR{g, I) = 
—dR{I, k) + dnig. I) > — c + rf/j (g, /). This proves the first inequality in b). To prove the sec- 
ond inequality in b) observe that dL{g, I) < dL{k, I) + dL{k, kp) < c + dL{I,p) and dL{g,I) > 
-dL{k,I) + dL{k,kp) > -c + dL{I,p) 

We complete the proof of (8.7) by showing that the inequahties in (*) for A~(v) and A+(t;) 
are actually equalities. By 2) of (7.7) we may choose an element X of such that \X\ = 1 

and A~(u) = y^x{v). Let = exp{rX). Then ^^(51^, /) = r for every integer r by (5.5). 

Moreover, ^^ffe^ - log\exp(rX)(v)\ ^ ^^^^^^ ^ ^-^^^ ^j^^ pj.^^^^ jj^^^ ^-(^^ ^ 

We prove that the inequality for A"*" {v) in (*) is sharp. Let X in with |X | = 1 be given, and de- 
fine gr = exp{rX) for every positive integer r. The argument above shows that lim r^oo '^°dL{g'^^i) ^ 

\x{v). Since \+{v) = sup{\x{v) : X G |X| = 1} it follows that \+{v) = 
jjzp: log\g{v)\ □ 

di,(9,/)-J-oo dL(g,i) ■ 

9. Uniform growth on compact subsets of 

Let O = G R" : dim Gy < dim Gw for all w G K"}. It is well known that O is a nonempty 
G-invariant Zariski open subset O of R". 
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Proposition 9.1. Let v € O be given. For every number e > there exists an open set U C M" such 
that if v' e Uthen X~{v') > X~{v) - e. 

Lemma 9.2. Let v £ O be given and let {vr} G O be a sequence converging to v. Let {Y^} be a 
sequence in ^ converging to a vector 7 e such that Yj- e /<"■ every k Then Y e 

Proof. Let C G ^ + 25u be given and write ( = K + H, where K G ^ and H G ©t,. By the definition 
of O we know that dim = dim 6^ for all r, and hence there exists a sequence {Hr} such that 
Hr G for every r and Hr H asr oo. Let (r = K + Hr G A + for r. By definition 
= (Cr,^;-) for all r since Yj- G ^vr' Hence (^,1^) — liniT- _^qq ^^y, 1^) — 0, which proves that 

F G □ 

We now complete the proof of (9.1). Suppose that this is false for some e > 0. Then there exists 
a sequence {vr} C O such that Vr ^ v and X~{vr) < X~{v) — e for all r. By 2) of (7.7) we may 
choose Yr G with = 1 such that X~{vr) = Ay^(wr) for all r. Let Yr ^ Y G passing 
to a subsequence if necessary. Then |y| 1 by continuity, and Y G by (9.2). From 1) of 
(7.7) we obtain X~ (v) < Xy{v) < lira r^ooXy^ivr) = lim r->-ooX~ {vr) < X~{v) — e, which is a 
contradiction. 

Corollary 9.3. Let C be a compact subset ofO. Then X~ has a minimum value on C. 

Proof. Let c = inf {X~ {v') : v' G C}, and let {vk} C C be a sequence such that A~ (vk) ^ c as 
k — s- oo. By the compactness of C we may assume, passing to a subsequence if necessary, that there 
exists a vector v G C such that Vk ^ i; as k — > oo. Then c = lim k^oo X~{vk) > X^{v) by (9.1). 
Equality must hold by the definition of c. □ 

Let 9Jl' denote the set of minimal vectors in O. 

Proposition 9.4. Let Cbea compact subset ofDJl', and letoO be the minimum value ofX~ on C. 
Then for every real number c' with < c' < c there exists a positive number Rq such that ifv G C, 

g eG anddii{g, Gy) > Rq, then g^') > c'. 

Proof. By the first remark following (2.1) we may replace dR{g, G„) by dR{g, K ■ Gy) in the state- 
ment of (9.4). We make this replacement in the remainder of the proof of (9.4). 

We first reduce to the case that every vector in C has length 1. Let Ci={|^:i'GC}. Note that 

Xx (rv) = Xx{v),X~ {rv) = X~{v) and Grv = Gy for every nonzero X G r G K, and v G M". 
By the compactness of C there exists b > such that ii\rv\ = 1 for some r G IR and some v G C, 
then \r\ < b. 

Let c' be a positive number with c' < c and choose e > such that c' + e < c. If (9.4) is true 
for the compact subset Ci C 3Jt', then there exists i?o > such that if dR{g, K ■ Gy^ ) > Rq, then 
rfltolx^cj ) > c' + e for every vi e Ci. Make Rq larger if necessary so that | | < e. 

Now let V G C and g G G be given so that i?o < dii{g,K ■ Gy) = dii{g,K ■ Gy^), where 

= rv <E Ci and r — jK 

1^1 

iog\giv)\ ^ , I 'o9|g(f) 



V, - rv e <mAr - ^ > (^ Then c' + e < '"glg^^^) - ^-SS^ y ioa\9(:")\ < '°g('') , 



dH(gK-G,) < ^ + dRig^K-G,) ■ ^^^^^ (^.4) holds for all V G C if it holds for all unit vectors vi&Gi. 

Henceforth we assume that all vectors v in C have length 1. 
Lemma 9.5. Letv G 9Jt' with \v\ — 1, and let X be an element of ^ with X{v) ^ 0. Letipx{s) = 

log\ea=p{.X){v)\ _ ^^^^ ^^^^^ > p^^^ ^ ^ p_ 
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Proof. Let fx{s) = \exp{sX){v)\\ Then ^x{s) = i and ^'^{s) = (^i^) (s - 

Zog( fx{s)). If Ax(s) = s — log fx{s), then it suffices to show that Xx{s) > for s > 0. 
Note that Ax(0) = -log{\v\^) = 0, so it suffices to show that (s) > for alls > 0. We calculate 

4* |exp(sX)(v)|4 > U lor S > U. U 

We now complete the proof of (9.4). Suppose that the assertion of (9.4) is false for some positive 
number c' < c. Then there exist sequences {vr} C C and {gr} C G such that \vr\ = 1 for all 
r, dii{gr, K ■ Gy^) oo as r — > oo and J°fg%^!Q'^^ ) < c' for all r. By (5.6) there exist elements 

kr G K,hr G Gy^.,tr € R and Yr £ such that gr = krexp{trYr)hr, where \Yr\ = 1 and 
tr = dii{gr,K ■ Gy^) for all r. Let Y^. ^ Y & passing to a subsequence. Then \Y\ — 1 by 
continuity, and Y e ^y by (9.2). By the compactness of C there exists v e C such that — > as 
r — > oo, passing to a further subsequence if necessary. 

Fix a positive number s. Then s < tr for large r since tr = dR{gr, K ■ Gy^) — > cx) as r cxd. 
By applying (9.5) to the functions <^r, (s) we obtain iog\exp(sY){v)\ ^ ^ ioa\e^p(sY^)(vr)\ < 

lim r^oo = liui dRig^^KG^ ) — ^ • Sincc this inequality is true for all s > 

we see from (7.1) that Ay(s) = lira s^oc ^°3\'^^p(^^'>(-^)\ < q\ Wg conclude that X~{v) < Ay(v) < 
c', which contradicts the fact that A~ {v) > c> c' by the definition of c. □ 

Proposition 9.6. Let O be the nonempty Zariski open subset of M" on which dim Gy takes its 
minimum value. Let StJt' denote the set of minimal vectors in O. Let C be a compact subset ofdJl'. 
1 } The set G( C) is closed in V. 

2)ForA> define Ba = {v gR"- : \v\ < A} and Xa = BaD G{G). Then Xa is compact, 
and there exists a compact set Ya <Z G such that Xa C Ya{G). 

Remarks 

1) Both parts of this result fail if C is a single point {v}, where the orbit G(v) is not closed in V. 
Part 1) clearly fails in this case, so we address part 2). Let w be a vector in G{v) — G{v) and let 
{gr} C G be a sequence such that gr{v) — > w as r — > oo. If ^ > \w\, then gr{v) G Ba for large 
r, but since w G G{v) — G{v) it is easy to see that we can't write gr{v) = g'ri'^) for some sequence 
{g'r} in a compact subset of G. To prove a result of the type of (9.6) we are thus forced to consider 
only vectors whose G-orbits are closed in K". All closed G-orbits must intersect 9Jl and considering 
only vectors in Tl' seems to be a reasonable normalizing hypothesis. 

2) In general, part 1) of (9.6) is false for the set G(SOT')- For example, let G = GL{n, R) act by 
conjugation on M (n, K). Then G{1Xft') contains a nonempty Zariski open subset of M(n, M), but 
G{M') ^ M(n,M) since G has nonclosed orbits in M(n,M). Hence G{M') cannot be closed in 
M{n,R). 

We now begin the proof of (9.6). 



1) Let {gr} C G and {vr} C C be sequences such that grivr) w G G{C) as r — >■ oo. If 
dji{gr, Gy^) oo, passing to a subsequence, then \gr(vr)\ ^ oo as r oo by (9.4). Therefore 
since {l^/rl^^r)!} is bounded there exists B > such that dii{gr, Gy^) < B for all r. 

Choose hr G Gy^ such that dii{gr,hr) = dii{gr,Gy^) < -B for all r. If = dr^r^' 
dniCr, I) = dnigr, hr) < B. By the completeness of {G, da) and the Hopf-Rinow theorem the 
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set C = {g <E G : dii{g^I) < B} is compact in G. Let Cr ^ C ^ C* as r ^ cxd, passing to a 
subsequence. Finally, w = Urn r^oo gr{vr) = Um r^oo {Crhr){vr) = ((v) S G{v) C G{C). 

2) By 1) Xa is a closed subset of Ba, and hence Xa is compact. By (9.3) there exists ci > 
such that \~{v) > ci for all v e C. Choose i?i > such that exp{^^^) > A. By making Ri 
still larger we may assume by (9.4) that if v e C, g e G are elements such that dR{g, Gy) > Ri, 
then > f . Let Ya = {g e G : dR{g,I) < R^}. The set Ya is compact in G by the 

Hopf-Rinow theorem. 

We assert that Xa C Ya(C). Let w G Xa be given. Then there exists v e C and g € G such that 

w = g{v), and moreover \g{v)\ < ^4 by the definition of Xa- We show first that dii{g, G^) < Ri. 
If this were not the case, then by the choice of Ri we would have \g{v)\ > exp{^dii{g, Gy)) > 
exp{^^~^) > A. This contradiction shows that dii{g, Gy) < 

The remainder of the proof is similar to the proof of 1), and we omit some details. Choose hE Gy 
such that dR{g,h) = dR{g,Gy) < Ri. If C = 9h~^, then dR{(,I) < Ri and ( G Ya. Finally, 
w = g{v) = {Ch){v) = C{v) e Ya{C). 

10. Applications 

Criteria for detecting closed, orbits 

Proposition 10.1. Let G be a closed, connected, self adjoint, noncompact subgroup of GL(n,M.), 
and let v be a nonzero vector such that {v) > 0. Then G(v) is a closed subset o/M". 

Proof. The proof here is also similar to the proof of 1) and 2) in (9.6) and we omit some details. 
Let {gr} be a sequence in G such that gr{v) — > w G G{v) as r — >■ oo. If dR{gr, Gy) — ?■ oo, 
passing to a subsequence, then |(j'r(^')| — > oo by 2) and 3) of (8.1) since Um inf r->oo d^(g'^G^\ ^ 
A~(i;) > 0. Since the sequence {^^(u)} is bounded in V there exists a positive constant ci such that 
dR{gr,Gy) < ci forr>N. 

Let hr S Gy be an element such that dR{gr, hr) < Ci for all r. If = grh^^, then dR{Q.,I) < 
ci. Let (r ^ C € G, passing to a subsequence if necessary. Finally, gr{v) = {Crhr){v) = Cri^) — ^ 
C{v) e G(v). " □ 

Proposition 10.2. Let G be a closed, self adjoint, noncompact subgroup of GL{n, R) with finitely 
many connected components, and let Go denote the connected component that contains the identity. 
Let V be a nonzero vector o/K" such that the orbit G(v) is unbounded. Then the following assertions 
are equivalent. 

1) G(v) is closed inW. 

2) X~ (w) > for some w G Go(v), where A~ : R" — > M is defined by the connected group Gq. 

3) Go(v) is closed in M". 

4) G(v) contains an element w that is minimal with respect to both Gq and G. 

Proof We prove the result in the cycUc order 1) ^ 4), 4) 3), 3) 2) and 2) 1). 

1) =^ 4). If 1) holds, then G(v) contains a minimal vector w by (6.2). The vector wis also minimal 
for Go since Go{w) C G{w) = G{v). 

4) 3). Let w G G(v) be an element that is minimal for both Go and G. Then A~(w) > 
by 2) of (8.1) applied to Go, and Gq{w) is closed in R" by (10.1). If w = g{v) for g G G, then 
Go{v) = {g-'^Gog){v) = g-^Go{w) is closed in R". 

3) 2). If Gq {v) is closed in R", then Gq contains a minimal vector w by (6.2), and A~ {w) > 
by 2) of (8.1). 
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2) 1). If X-{w) > for some w e Go{v), then Go{v) = Go{w) is closed in M" by (10.1). 
Since G has finitely many connected components we may write G = IJiLi 9i^o for suitable ele- 
ments {gi, qn}- It follows that G{v) = Ui=i 9i Go{v) is closed in M". □ 

An application to representation theory 

A more general version of the next result is known (see for example (2.1) in [RS]), but the state- 
ment is more compUcated and the proof is less elementary. 

Theorem 10.3. Let V be a finite dimensional vector space over M. Let G he a connected, noncom- 
pact, semisimple Lie group, and let p : G ^ GL(y) be a C°° homomorphism. Then there exists an 
inner product {, ) on V such that p{G) is invariant under the involutive automorphism 6 : GL{V) — >■ 
GL(V) given by 0{g) = (.g*)"^ 

Remark As usual, : V ^ V denotes the metric transpose of g : V V relative to the inner 
product (, ). It is well known that homomorphic images of semisimple groups are also semisimple, 
and hence the group H = p{G) is a connected, semisimple subgroup of GL(V). If we fix an orthonor- 
mal basis {vi, ... , w„} of Vrelativeto (, ), then we obtain a C°° homomorphism p' : G GL(n,M) 
given by p'{g)ij = {p{g){vj), Vi) for 1 < i,j < n. The subgroup H' = p'{G) of Gi(n,M) is self 
adjoint and semisimple, and the semisimplicity implies that H' is a closed subgroup of GZ/(n, M) 
by the main theorem in section 6 of [Ml]. Hence we may apply the results above to the subgroup 
H' = p'{G) ofGL(n,R) 

Proof. The semisimplicity of = dp{&) implies that = the derived algebra of ^. By 

Theorem 15, section 14 of [C] the group H = p{G) is algebraic (see also Corollary 7.9, chapter II 
of [B]). The assertion of the theorem now follows from the main result of [M2]. □ 

11. Appendix I 

The asymmetry of dr and dz in the main result 

We first obtain necessary conditions for the main result to hold if dR{g,Gy) is replaced by 
dhig, Gy). More precisely we show 



Lemma 11.1. 

Let V be a nonzero vector in R" such that A~ (v) > 0. Suppose there exist positive constants a,b 
so that 3) of (8.1) holds if a replaces X~{v), h replaces A+(t;) and dL{g, Gy) replaces dii{g, Gy). 
Then there exist positive constants A,C such that if rf^ (5 , G„ ) > A and dL{g,Gy) > A, then 

C ^ dL{g,G,:) ^ ^ 

(b) 1 < '"gig)")' < C 

^ ' C — log\g{v)\ — 

Rem,ark The proof of the lemma will show that the conditions (a) and (b) of the lemma are also 
sufficient for the replacement of rf/j by to hold in the statement of (8.1). 

Proof. By 3) of (8.1) and the hypothesis of the lemma there exist positive constants ai, 61, a2, 62 
and A such that 

(1) ai<^f(^<6i if dR{g,Gy)> A 

(2) a2<g^<62 if dL{g,Gy)> A 
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From (1) and (2) we obtain 

(3) ff<tfffe}<^ \idR{g,G,)>A^AdL{9,G,)>A 
From (3) we obtain assertion (a). 

To prove assertion (b) we recall from (4.1) that dR{g, h) = dL{g^, /i*) for all g,h e G and recall 
from (1) of (6.1) that = G*. If dR{g,G^) > A and dL{g,Gy) > A, then dnig^Gy) = 
dL{g,Gl) = dL{g,Gy) > A and similarly dL{g*,Gy) = dR{g,Gy) > A. From (1) and (2) we 
obtain 

(4) ai < = < h if duig, G,) > A and d^ig, G,) > A 



From (2) and (4) we obtain 

t < < !t if dL{g, G.) > A and ^^(.9, G.) > A 

This proves assertion (b) and completes the proof of ( 1 1 . 1 ) . □ 



Next we show that the second condition of (11.1) fails for a certain vector v G M(3,]R) f» if 
G = GL(3, M) acts on M(3, M) by conjugation. A similar argument shows that the second condition 
of (11.1) fails for any n > 3 for the action of GL{n, M) on M{n, R) by conjugation. 








'\ i 


f 


1 




; 





1 j , and let fc = j 











-1 




^ 









Lett;= 1 ,andletfc= 1 \ G 30(3, 



For each positive integer N let Bn = diag{N + 2, 2, 1) = | 2 0). Let 5jv(s) = 

k exp{sBM). We will show 
(i) X-{v)>0. 

/••N log\gN{sf(v)\ /V 4- 1 ns s 

W log\g,,(s)(v)\ ^ + i as S ^ 00. 

(iii) dR{gN{s),Gv) oo and dB{gN{sY, Gy) ^ oo as s — > oc 

Since N is arbitrary we will obtain a contradiction to the uniform boundedness condition (b) of 
(11.1). 

We prove (i). The Lie algebra = M(3, M) acts on M(3, M) by the adjoint action ; i.e. if A,B 
e M(3, M), then A{B) = AB - BA. By example 3 in section 1 of [EJ] a vector Z e M(3, M) is 
minimal for the G action above ZZ*^ = Z*Z. In particular the skew symmetric matrix v above is 
minimal, and \~{v) > by (7.6). 

We prove (ii). If ^ = dmg(Ai, A2, A3), then A{Eij) = AEij - EijA = (Aj - Aj)£',j for all i ^ 
j , where Eij is the matrix with 1 in position ij and zeros elsewhere. Observe that the only nonzero 
components of v lie in the 23 and 32 positions. Hence by inspection and the definition of Xb^ (^) 
we obtain 

(a) \b_Av) = iX2 - X3) = I- 

The elements k of SO{3, M) preserve the lengths of vectors in M(3, M), and hence we have 

(b) \gN{s){v)\ = \exp{sBN)iv)\ for all s 

If B'j^ = diag{2, N + 2,1) = k Bn k''^, then we have 

(c) AB^(^) = (A2-A3)=Ar + l 

(d) \gN{syiv)\ = \exp{sBN) k-^{v)\ = \k-^{k expisBj,) k-^)}{v) = \exp{sB'j^){v)\ for all 

s. 
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Finally '-s\9.isr(v)\ = iog\eMsB',Kv)\ s ^ ^£k^ = TV + 1 as s ^ oo by (a), 

-' log\gN(s)(v)\ s log\exp(sBM {v)\ Abjv (f ) J v /' 

(b), (c), (d) and (7.1). This completes the proof of (ii). 

We prove (iii). We shall need a preliminary result. 

Lemma 11.2. Let v be a nonzero minimal vector in M", and let X ^ *p be an element such that 
X{v) ^ 0. Then 

a) dft{exp{sX), G^) — > oo as s — oo 

b) I exp(sX)(w)| — > Qo as s oo. 

Proof. Proof of a). We suppose that the assertion of a) is false for some nonzero minimal vector v 
and some X G *p with X(v) ^ 0. Then there exist sequences gk C G, Cfe C Gy and {sfc} C M 
and a positive number A such that Sk — > ooask— > oo and dii{exp{skX), Cfc) < ^ for all k. If 
(pk = exp{skX)Q^, then dR{(pk,Id) = dR{exp{skX)Xk) < A for all k. Let C = {(p G G : 
dii{ip, Id) < A}. Then C is compact by the completeness of (G, dn), and there exists a positive 
number c such that \ip{v)\ < c for all G G. Since {(fk} C G we obtain \exp{si~X){v)\ = 
\^kCk{v)\ = \(Pk{v)\ < c for all k. 

The function fxi-s) = \exp{sX){v)\'^ satisfies /^(O) = 2{X{v),v) = since v is minimal. 
Moreover, /^(s) = 4\Xexp{sX){v)\'^ > 0, and in particular /^(O) = 4|X(t')| > since X{v) ^ 
by hypothesis. It follows from the convexity of /x that /x (s) — > oo as s — > oo, which contradicts 
the fact that fx {sk) < for aU k. This completes the proof of a). 

Proof of b). This is contained in the last paragraph of the proof of a). □ 

We now complete the proof of (iii). Recall that Bn = diag{N + 2, 2, 1) and B'j^ = diag{2, N + 
2, 1). Hence BNiv) = Biv(£^23) - Bn{E32) = {X2 - A3)^23 - (A3 - A2)(^32) = E23 + E32 ^ 0. 
Similarly, B'^iv) = (N + 1){E23 + £32)^^ 0. 

Using 4) of (4.5), the triangle inequality and the lemma above we obtain dji{gN{s),Gv) = 
dR{k exp{sBN),Gy) = dR{exp{sBN), k^^ ■ Gy) > dR{exp{sBiq),Gy) - dR{k~^,Id) -> 00 
as s 00. Similarly c?i?(5Ar(s)*, G„) = dR{exp{sBtq) k~^,Gy) = dR{k~^ exp{sB'^),Gy) = 
dR{exp{sB'j^), k ■ Gy) > dR{exp{sB'j^), Gy) — dR{k, Id) — >■ 00 as s — >■ 00. This completes the 
proof of (iii). 

12. Appendix II 

We give here the proofs of Propositions 5.1 and 6.5. 
Proof of Proposition 5.1 

Assertion 1) of Proposition 5.1 is obvious and the remaining assertions are an immediate conse- 
quence of the next two results. 

Lemma 5.1A 5(®) and C5o are self adjoint ideals, and 60 has trivial center. 

Lemma 5. IB Let (S be a self adjoint subalgebra of M(n, M) that has trivial center. Then 25 is 
semisimple. 

We prove Lemma 5.1A. Let X e and Z e 3(25) be given. Then [ZKX] = [X\Z]* = 
since X* G 25. Hence 3(25) is self adjoint. Let Z G 3(25) and X G 25o be given. Then {Z, X*) = 
{Z\X) = since G 3(<S). Hence 25o is self adjoint. 

Clearly 3(0) is an ideal. Let X G 25, V G ©o and Z G 3(0) be given. Then using 3) of (4.2) we 
obtain {[X,Y],Z) = {adX{Y),Z) = {Y, {ad X)* (Z)} = {Y, {ad X*){Z)) = since X* G 0. 
Hence 0o is an ideal of 0. It follows from 1) of (5.1) that ©0 has trivial center, which completes the 
proof of Lemma 5.1 A. 
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We prove Lemma 5. IB. Since is self adjoint we may write & = where K — {X G © : 

X* = ~X} and <p = {X G © : X* = X}. Let B denote the Kilhng form of ©. It suffices to prove 
a) B{A, ^) = {0} b) B is negative definite on A and c) B is positive definite on *p. 

a) Let X G and y e q3 be given. Then {ad X o ad Y){^) c A and {ad X o ad Y){Si) C ^ 
since [Ji, Ji] C il, [J^, ^] C ^ and [qj, *p] c Si. Compute the matrix of ad X o ad Y relative to a 
basis of © that is a union of bases of A and *p. The diagonal elements of the matrix are aU zero, and 
it follows that B(X,Y) = trace ad X o ad Y = 0. 

b) IfX G i?,thenby3)of(4.2)weobtainB(X,X) = traceadXoadX= - trace adXo{adX)* < 
with equality <^^adX=0<^^X = since & has trivial center. This proves b) and the proof of c) 
is similar. This completes the proof of Lemma 5. IB. 

Proof of Proposition 6.5 

We prove the result in two cycles : 1) ^ 4) =^3) ^2) ^1) and 4) ^ 5) ^ 4). 

1) 4) Since 1) holds there exists a positive constant c such that \g{v)\ < c for all g G 
G. Let X be any nonzero element of and define fx{t) = \exp{tX){v)\'^ . Then fx{t) = 
4\Xexp{tX){v)\'^ > for all t G M. By hypothesis fx{t) < c for all t G R, and hence fx{t) = 
constant by the convexity of fx. It follows that = /x(0) = 4|X(w)p. 

4) => 3) Let g G G be given. By the KP decomposition there exist elements k G K and X G 'JP 
such that g = kexp{X). The hypothesis 4) implies that exp{X) G Gy for all X G *P, and it follows 
immediately that G ^ K ■ Gy. 

The assertion 3) ^ 2) is obvious. We prove that 2) 1). Let A be a positive constant such that 
dR{g, K ■ Gy) < A for all g G G. It suffices to show that \g{v)\ < exp{A)\v\ for all g G G. 

Let g G G be given. By (5.6) there exist elements k G K, h G Gy and X G such that 
g = kexp{X)h and \X\ = dj^{g.,K ■ Gy) < A. Hence |A| < \X\ < yl if A is any eigen- 
value of X. Write v = X^^i Wj, where X{vi) = XiVi for some eigenvalues Ai,l < i < A^. 
Then exp{X){v) = j:^^^exp{Xi)vi mid \g{v)\^ = \exp{X){v)\-' = E^i ^M'^^dh? < 
Y.'^Li exp{2A)\vi\^ = exp{2A)\v\^. It follows that \g{v)\ < exp{A)\v\ for all g G G. Hence 2) 

We next show that 4) ^ 5) ^ 4). If 4) holds then ^C(5yaRd(5 = R®^cA+&vC&, 
and equahty must hold everywhere. Hence 4) 5). 

Now suppose that 5) holds. It suffices to show that v is a minimal vector. Then (8y = ^ ® 
by 2) of (6.1), and it follows that & = Si+&y=Si®^yCA®^ = (5. Equality must hold 
everywhere, and this imphes that *P = which is 4). 

We show that v is minimal if 5) holds. Let X G © be given, and write X = K + H, where 
K G .Sand H G (&y. Then {m{v),X) = {X{v),v) = {K{v),v) = since K is skew symmetric 
and H{v) = 0. Hence m{v) = since AG© was arbitrary, and v is minimal by 1) of (6.2). 

To complete the proof of (6.5) it remains only to prove that if G has no nontrivial compact, normal 
subgroups, then G fixes v if any of the conditions above is satisfied. Let these conditions be satisfied. 
Then X(v) = for all X G *P, and it follows immediately that X(v) = for all X G [^3, % C J?. It 
suffices to prove that *p] = .8, for then X(v) = for aU X G © = J? ® ^. This is an immediate 
consequence of the next result. 

Lemma Let Ax = {X & A : {X, [Y, Z]) = for all Y, Z G Let Ki be the connected 
Lie subgroup of K whose Lie algebra is .^i. Then Ki, the closure of Ki in G, is a compact normal 
subgroup of G. 
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Proof. It suffices to prove that is an ideal of © = ^ © Cp, or equivalently, that ad ^(^i) C 
for ^ G U *p. Let ^ e j?, X G i^i and y, Z e qj. Then ad ^{X) e % il] C i?. By 3) of (4.2) 
we obtain {ad ^{X),[Y, Z]) = - {X, ad £,{[¥, Z])) = -{X, [ad(_{Y),Z]) - {X, [Y,ad^{Z)]) = 
since X e and ad ^(^3) C [Ji, ^] C Hence ad C( i^i ) c i^i if ^ G Si. 

Let ^, r e and X e i^i. Then (ad ^{X), Y) = {X, ad ^{Y)) by 3) of (4.2) and the 
definition of j^i. This proves that ad = {0} if ^ € ^ since ad ^{X) e [q},i?] C ^3 and 

F e q3 was arbitrary. □ 
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